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Today: what we’re doing and why

Big picture: we want to make claims about a population using a sample.

Problem: different random samples give different answers (sampling variation).

Week 5 recap: normal distribution, z-scores, CLT, and SE as a measure of precision.

Seminar activity: work through the seminar questions (first answer questions in groups,
then review answers as a class).

Key takeaway to keep in mind

SD describes spread of data; SE describes spread of an estimate across repeated samples.
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Why inference needs probability

We usually want to learn about a population (all voters, all students, all households).

But we only observe a sample: a limited, noisy snapshot.

So: two samples from the same population can give different answers.

Goal of Week 5

Use probability to quantify uncertainty in sample-based estimates (means, proportions).

Core idea

Inference is about how estimates vary under repeated random sampling.
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Point estimates and uncertainty

A point estimate is a single-number guess of a parameter:

x̄ estimates µ, p̂ estimates p. (1)

But a point estimate alone does not tell us how precise it is.

Precision depends on:

underlying variability in the population (SD), and
the sample size n (more data ⇒ more precision).

The quantity that captures the precision of an estimate (how much it would vary across
repeated samples) is the standard error (SE).

Standard error of the mean

SE(X̄ ) =
σ√
n

(often estimated by s/
√
n).
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Variance and standard deviation (spread)

Definitions

Var(X ) = E[(X − µ)2], SD(X ) = σ =
√

Var(X ).

Variance: squared spread (useful mathematically, less interpretable).

Standard deviation: typical distance from the mean (in original units).

If SD is large, values are dispersed; if SD is small, values cluster tightly.

Why it matters

SD is the scale we use to compare deviations from the mean (e.g., via z-scores).

James Rice POLS0008 Week 5 Thursday, February 12, 2026 5 / 15



Normal distribution: shape + parameters

X ∼ N (µ, σ2), f (x) =
1

σ
√
2π

exp

(
−(x − µ)2

2σ2

)
.
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µ shifts the curve left/right; σ stretches/compresses it.

Areas under the curve correspond to probabilities (total area = 1).
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The 68–95 rule (quick calibration)

P(µ− σ ≤ X ≤ µ+ σ) ≈ 0.68, P(µ− 2σ ≤ X ≤ µ+ 2σ) ≈ 0.95.

−2σ −σ µ +σ +2σ

≈ 68%

Think of σ as a typical step size away from the average µ: most observations aren’t far
from µ.
The area under the curve is probability, so “±1σ” means: about 68% of values fall in the
central part of the bell.
Expanding to “±2σ” captures about 95% of values.
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Z-scores and normal probabilities

Standardise to the standard normal:

Z ∼ N (0, 1), z =
x − µ

σ
.

A z-score turns a raw value (e.g., x̄) into a comparable metric.

Tables usually report Φ(z) = P(Z ≤ z) (area to the left).

Upper tail: P(Z ≥ z) = 1− Φ(z).
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CLT and standard error (mean)

Sampling distribution of the mean:

E(X̄ ) = µ, Var(X̄ ) =
σ2

n
.

CLT (informal)

For large enough n,

X̄ ≈ N
(
µ,

σ2

n

)
,

even if the original data are not exactly normal.
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Seminar questions (1/2)

Q1. In your own words, what is the sampling distribution of means?

Q2. In your own words, what is standard error?

Q3. How does the standard deviation help us arrive at a z-score? What is a z-score?
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Seminar answers (1/2)

A1. Sampling distribution of means
Repeatedly sample size n, compute x̄ each time; the distribution of those x̄ ’s is the sampling
distribution. It is centered on µ: E(X̄ ) = µ.

A2. Standard error
Typical spread of a statistic across repeated samples. For the mean:

SE(X̄ ) =
σ√
n
≈ s√

n
.

Bigger n ⇒ smaller SE.

A3. Z-score

z =
x − µ

σ

= number of SDs x is from the mean.
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Seminar questions (2/2)

Consider a sample of n = 205 students with mean exam score x̄ = 61 and SD s = 18.

Q4. Compute the standard error of the mean.

Q5. Compute the z-score for an exam score x = 72. Then find the proportion scoring ≥ 72.

Q6. What is the relationship between sample size and standard error? How does this connect
to the CLT?
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Z-score lookup table

Find your z-score by matching the row (first digit + first decimal, e.g. 0.6) and the
column (second decimal, e.g. 0.01); the entry is Φ(z) = P(Z ≤ z) (area to the left).

Convert as needed: P(Z ≥ z) = 1− Φ(z).
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Seminar answers (2/2)

A4. Standard error (given s = 18, n = 205)

SE(X̄ ) =
s√
n
=

18√
205

≈ 18

14.318
≈ 1.257.

A5. Z-score and proportion ≥ 72

z =
72− 61

18
=

11

18
≈ 0.611.

P(X ≥ 72) = P(Z ≥ 0.611) = 1− Φ(0.611) ≈ 1− 0.7291 = 0.2709 ≈ 27%.

A6. n, SE, and CLT

SE(X̄ ) =
σ√
n
⇒ n ↑⇒ SE ↓ .
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Wrap-up

The normal curve is our “probability map”: µ sets the centre, σ sets how spread out the
data are.

A z-score just rescales a value into “how many SDs from the mean?”, so we can read off
probabilities from the Z-table.

The CLT explains why means behave nicely: if you take enough observations, the
distribution of sample means is close to normal.

Standard error is the spread of those sample means: SE(X̄ ) = σ/
√
n. Bigger n ⇒ smaller

SE ⇒ more precise estimates.
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